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Abstract: This paper investigated the effective parameters of composite materials in the case of external stress with
finite length of electromagnetic (EM) - waves in the presence of essential gradients and frequency characteristics of
the field. During the propagation of long waves, the approximation of electromagnetic field can be characterized
by dielectric and magnetic permeability, the value of which is determined by comparing the main characteristics of
the field in anisotropic, homogeneous and heterogeneous mediums. During the propagation of short waves, in the
obtained solution, propagation effects in the structure are taken into account, as effective parameters strongly
depend on the frequency of the field.
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I. INTRODUCTION

The reliability of a construction significantly depends on the location of technological defects such as cracks, voids,
bundles and external influences in structural elements. Therefore, it is necessary to develop methods for finding defects by
means of nondestructive testing (NDT), followed by an analysis of their influence on the strength of the structure. In this
case, it is most effective to employ the microwave range (MR) of electromagnetic waves. Developments of effective
methods (NDT) are largely associated with mathematical modeling of NDT. It is known that the electromagnetic
properties of composite medium in the long-wave approximation are determined by effective permittivity, permeability,
and conductivity and so on [7]. The macrostructure of a field gives important information about violations of the constant
structure of the composite and can be studied by the radiopolarization (NDT) — method[3,5]. Fundamental research in
mathematical modeling of dispersion of EM - waves on heterogeneities has been carried out by L.M. Brekhovskiy [1],
G.A. Vanin [6], B.l. Kolodiy [2], A.G. Ramm [4].

Il. FORMULATION AND MATHEMATICAL MODEL OF THE PROBLE

A. Page Layout and Font Used:

Let us consider the medium in which the fibers have coherent orientation. Let the distance between the centers of adjacent
fibers be d;, d;; @ be anangle grid . We can determine the coordinates of the center mn-th fiber from this relation
Xp + iXz = d(m+bne™ ), mn = 0,%1, ......, £ .

where d; be = d, and Ox -axis coincides with the axis of the fiber. Maxwell's equations for electromagnetic wave
propagation in isotropic medium will have the form

10D 4 10B
rotH =C ot + ¢ \],rotE:-C ot
D:gE,Bz,UH,j=O'E (1)
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where J is voltage vector , c is speed of light; o is conductivity. E and H are voltage vectors of electric and magnetic
fields, € and p are dielectric and magnetic permeability of the medium. For dielectrics at given frequencies , changes of
the field equals ¢ = 0, j = 0. The solution of equation (1) for stationary wave propagation is as follows;

Hzl:loefiwt ’ E:Eoefiwt

D =D, _th, é = éo g™

*

The general solution for (1) was found as a sum of electric - 77 and magnetic - 7 of Hertz vectors for each component
of the medium.

*

E=xep 7+ grad div 7 T VH ror 7

- . C oL -
H = —ike o 7+ K eum+ graddivﬂ’ o)
k=W - -
where C. 7 and 7 satisfy the same equation

o’r 0°n orw
2 + 2 + 2
OX;  OX;  OX3
Boundary condition reduces to the continuity on the surfaces of contact fibers with the matrix of tangential voltage vector
components of the electric and magnetic fields.

+x2eun =0

wH|  —nxH|
, omn (3)

nxE| =nxE

amn

where n is normal vector to the cylindrical surface of the fiber. One component of Hertz vector is maintained in the
cylindrical coordinate system. Here and further in the article €1, € € are unit vectors of locally cylindrical
coordinate system.

In the case of transverse magnetic wave, electromagnetic field in a local cylindrical coordinate system, in accordance with
(2) is presented with the following

S (Y ) - *xr -1 éx
E=el| Kgur+— |+ér +€p—
X, orox, r 060X, . @
H = ikser 9% 1 ikges 05
ror or

For transverse - electric field we have these equations
- . - lox ., - or
E =ikuer =———ikues—

e T
- - o*r - 104 - 10

H = él(kzg,wr*)+ er

+€o— +€o—
orox, r orox, Ir 060X,

()
Depending on concepts of common field, boundary conditions are written as follows:
él = E! ' * ' *
amn 1a|an Ey + Ej|am= Ea + Ealam
* _ * ' * . ' *
Hl‘an_ Hla He + H6|an_ H O + HHa|an

where Ea=¢,@+E o+ E € and e.t.c.
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In general, the electromagnetic field in the matrix is the sum of functions

' = ie‘”m"”“*i e i (ar )+ Ba, J. (A HY (ar,,) )
7 =37 e (4 )+ Dy () HY(4,,,) )

The wave field in the domain, occupied by mn — fiber, is found in the rows form by standing waves

7, _Zmnj ﬂ, r a mn)elwmn+ith
Zw: : Z, ro ﬂyarmn)elzvmn+ih><1

T=—0

7[; = zcr:m Jr( )J (ﬂ“armn)ewmnﬂhx1

T=—00

Constants A,B,C,D can be establish from the boundary conditions in the following forms

2 o 2 o
K EU+ ——5 1| ror, =| K Ealla T 5 |Talr=r,
( “a@jf° ( : aﬁJ ‘
1 0z . om 10°x, . On,
_ KU — o, = - klua r=r
I, OVOX, or' " 1, ovx or "
Kéeu+—_—— |7 r=r, K &y +——75 |Pa r=r,
ox; ox;
or 1 oxw 871' 1 6 7r
Ke—+———"|,_, =lkg,—+— rr
or rovox,'° “or r avax 0

The functions of the electromagnetic field after unwieldy transformation can be written in the form

T= i{vrrnn[jr(/lrmn)_Zngl)(/’“’m )] WY H()(lrmn) }eiNmn+hX1

T=—00 [ | (6)
T = Mn:n[J ( I )]—Y H(l)(ﬁ,r ) ] anzrl)(l ) }eizv o+,
J (2’ I ) 12V +ihX,
= E mn )(«r ﬂl’ WmnYrHT Ar Je\Zalmn/ i+
a T= %{v [J ) ] ( ) } J (ﬂ, r ) |
l > J(ﬂ“ I ) iV, +ihx
> Wonli, () - Y.HY(Ar) ]-VoZ HY(Ar,) JA=ramm glem v
A __OOM [ ) ] ( ) } Jr(ﬁvaro)
where

, . : H () A, ji(A1) 1 0/(An) Ze, j(Ar)
ZT:—Lrl{hZTZrZJT /”tl’ {1_ﬁ7j_/’i’2r4kzgﬂjr /’Lr{ \""0/) _ a -‘r a’0 -‘r 0/ a -r a0
) I i)y awarrs  FRrr e waT Al K

()
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2 ' =
Z = —Lrli(l— %jr;hwj,(zro)ﬁf(%) - Jf(’”‘))}

: () 5.(an) |

2 2 ’ H ] ]
Y =— ;l r02*.]21_2[1_ ﬂ'_z) j;(//lro)_ r04k2£ﬂﬂ,2 jr(lro{Hr(ﬂ“er) _ ﬂ‘ga J.r(ﬂ“arO):H: J.z(iro) _ ﬂﬁua Jr.(ﬂ’aro)
l Jr(’iro) ﬂ’a:u ﬂ'a:ujr(ﬂ’aro)

a

In formulas (7), and in others, superscript in Hankel function is omitted.

Falling on the surface Q, wave field is the sum of the reflected waves from all fibers. By adding the reflected waves from
surrounding inhomogeneities and using theorem of combining cylindrical functions we can find the following system of
equations

Vo + Z Z Z [erprq +Y;q s+r(’1Rg]qn)eiisvgg =0

p=m, g=n 7 (8)

Vit Y S Y [y + vy e R =0

p=m g#n, t

Here subscripts mn and pq coincide with number of fibers cell in a Cartesian coordinate system;

R = al\/(p—m)2 +2b(p-m)q—n)cosa +b?(q-n)*

mn
P4 is an angle subtended at the center of pg-th fiber from mn -th . The wave field consists of constructing functions

S S
Vi and W , determining the field in some cells, and functions that characterize the field in a separate cell.
Further in the article, and for the convenience of definitions of the characteristics of the electromagnetic field and the
analysis of the solutions, waves that are propagating transversely and longitudinally with respect to the orientation of the
fibers are studied separately.
Let us consider the case of transverse wave propagation. Assuming h = 0, solution of the system (8) is found in the form
of traveling transverse waves.

V: =C, exp{i ad, [m cose +bn cos(a - (P)]} C))

W, =S, expliad,[mcose + bncoga — ¢)]}

where ¢ is an angle between the direction of wave propagation and the positive direction of the axis— Ox. Using these
conversions
T
jym i« VN =p+@p+—
pe"” =p-m+b(p—nk'“ e proTy
we can introduce polar system of reference points (8). When substituting the solution (9) into (8) we obtain the system of
algebraic equations

Z[(5$T + ZTGST )Cr +Y:G Sr ]: O

3|6, +Y.G,,)S, +2:GC,.|=0, 5,7 =04L...,4

which follows from these equations that infinite determinant equal to zero
55‘[ + ZTGST YT GST H

* :O S,Tzo,il,...,iw
ZfGST 552' +Y7Gsr

(10)

where O is Kronecker symbol:

GST — ise—i5¢zz ,Hs+r(d1/1pkiapdismy]_isw
v op (11)
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. . = a —j- o :
The prime mark means that the term is excluded from the sum at P O, then ! J th root of infinite determinant

(10), then relationship between the variables are established
'~9,@)Cs 8/ =aia)sd
Generally, functions of the electromagnetic field have solutions which corresponds to all the following J :
7, = explia, d,[m cosp+bncos(a—p))x
i

{C" S arla)is, (2) 2., (arJe™ -

> (v H, (zrmn)eizvmn},

7; = Y explia,d,[m cosp +bn Cos(a_¢)]}x
]

{S,—igi(a,—)“, (A1)~ Y.H. (i, g™ -

¢, X 0.(a )z:H,urmn)emm}

(12)

*

We can also write the same ratio for functions T and a of the field. The vector components of the electric and
magnetic fields are calculated directly with (12).

In the long wavelength approximation, when the field changes slightly in adjacent cells, the sum of (11) can be replaced
by next integral

ooZlZ

ZZ rH (d 1 ) iapd;siny— lsv/ ~ ijd SH(A'D)eiapsinw—isV/ ,
v op

F =bd’sina

where is the area of elements cells in the section ; using Poisson formula, relation (11) becomes

G, = %e“w [ pd, S (ap)H,..(40)

(13)

With slight changes in the field and convergence of the integral in the interval, lower limit will be 6=0 Integration
by parts using Bessel equation, integral (13) becomes

Ipdpj apH,(Ap)= 2_2 Idpf H,(Ap)+

x[apj-sl(ap)H (Ap)- ipjs(ap)H a(Ap)+(n- S)L(ap)H n (ﬂp)]: an

The supplement in brackets at the upper limit approaches to the sum of J - functions of the argument atd Excluding
the above cases, further in the final result, these generalized functions are omitted. At the lower limit when using the

£ (5] o0y

ﬂF(l+ s)

+—
2 +a?

asymptotic Bessel functions with a small argument we obtain here

F(n)— is the Gamma function.
The integral in (14) is expressed through discontinuous integrals of Weber - Shafheylina and similar to them. As a
result, we can write:
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Ipdprp)Hn(z,,):““Sz 7] ’

2 2 _
A= oras s)l“[1+ ”25)

=
M
/N
>
+
w
w
I
>

X

. . A2
| Ty 1+s;A? ) " (

j} (n+s }—ﬂlf(anr) + (15)

Cosﬁ(s—n)r(s;n)r(s;nj .
AF [N ST saz] A
22T(1+s) 2 2
COS;z(sz— n)r(s ; n)r[ n ; SJ
n?_g? AR (DS NSy A j +
tir 2 22T(L+n) 2 ' 2
Sinﬂ(s+n)l_ s+n){n-s){n-s)( n+s
2 2 2 2 2
+ X
27°T (6
xA‘;‘F{n;S,n;S;e;l—Azj : AN

a
_ Ay 2
where A ZFl(a’b’C’X ) is the Hypergeometric function,

r(c) i I(m+a)r(m+b) e
2F (abic;x?) _ T(@)r(b)5 T(m +c)r(m +1)

Similar simplification using asymtptote of cylindrical function; with a small argument are carried out with parameters
Z,SS 0 Y, YS

Y, =0, Z; =0,
Z_=Z_, Y_ =Y, Y

T T -7 T

z"

Y*
- ,ua 2 hz (1—a2Y
> = [/15 ro) gﬂz T KZeu A2
e 1“(T)l“(1+ z) ( &, A2 j( ,ua/’L h2 a2 jz ’

o A2 _kzg,u A2

a

£, A2 22 h? 2
. z 1+-—=2 2 1- £a 2 |tz 1_72
i (A roj & A Y7y 5 k? e u A2

Y L
TETErar ol 2 & 22 1, A2 h? 22
1+-25 1-—"25|——— 1——
A 7% K e u A3

/12
i (A, roj 2h =%
Y, = 2
C(r@+zo)0 2 ke, £, A2 1 22 h? 22
R s S e
gsﬂ’a /’lsﬂa k gSILlS ;l‘a
2 1—/1§
. T [ﬂ roj’ 2h AZ
Z
‘ F(T)F(1+T)

K 2z, 2 2 2 23\?
14 Sa/l; l_,ua/'i.zS _ 2h 1 ﬂ,z
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_ 2,2
If the direction of wave propagation is transverse to the orientation of fibers, we can put h=0 A =Keu , then

LM
7 = 7l (ﬂs roJZT U,
F(T)F(l-i—’[) 2 1+&
Hy
L
Y = 7 (/15 rojzr %a 7v2y =0
i F(r)F(1+r) 2 1+€75 T
éa (17)

Infinite determinant is solved by the method of successive approximations. In the case of transverse wave propagation

75 and ~«

that follows from (17), functions of transverse - electric and magnetic fields are independent.

Infinite determinant splits into two independent determinants
I6,.+Z,G,.[|=0, |5, +Y.G,[=0
having the same structure
+ Zl G—1—1 ZOG—l 0 Zl G—u
2,Gyy  1+2,Gyy  Z,G, =0
Zl Gl—l Z0 c;00 1 + Zl Gll

From (17), during the propagation of long transverse waves in the reinforced medium, when matrix and fillers have equal
values of magnetic permeability, only then will transverse-electric field appear. In the case when the matrix and filler
medium have the same dielectric permeability only then will transverse-magnetic field appear during the propagation of
long transverse waves. If we consider the case where the electric field is in reinforced medium with constant wave

dispersion then N#0

Functions of the electromagnetic field s and s should be periodic for variables X2 and X

of system (8) is in the form

V (s):C e27zid [mcos p+bncos(a—gp)]

3, so the solution

W (s) _ S e27rid [mcos p+bncos(a—g)]

mn

(18)

(s) (s)
where "™ and ™ are profiled periodic functions, if the condition is satisfied

dcosp=p, dcosa-g)
p! q =O!11"" Y
When we put (18) into (8) we obtain an infinite system of algebraic equations.Then from their conditions of generality we

can see infinite determinant is zero, which enables us to find the acceptable values of parameters h . In the case (10) of
longitudinal wave propagations

GS‘[ —j e—iS(p ZZ ’HSH (dl /Ip )ezﬁipdsinz//—isw 1
v P

2 _
where *

2 2 (19)
ke, 1, —h _
Cj=gs(hj)Goj, s! =gs(hj)soj

Based on equations (10) the correlation between constants can be determined —°
and unknown functions of the field are obtained through the sum of all admissible solutions
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meE TR s 3 o) n)-
o a r=—0 ’

_Zr Hr(ﬁ“rmn) ]eiTan_qu eZ”i(Pm+q”)+ith1 z.olqr(hj)Y:Hz-(j’rmn)eisvmn }’

T=—00

m-R Ty ds) 3 a b (n)-
poq ] T=—00 ‘

=Y H,(2n,) e -Cl Y a.(hy )2 (2, e )

I11. CONCLUSION

When the diffraction of long waves takes place then electromagnetic field changes slightly in adjacent cells, allowing the
sum in (19) replaced by integrals. In this case, the electromagnetic field can be characterized by approximate values of
permittivity and permeability, the value of which is determined by comparing the main characteristics of the field in
homogeneous anisotropic and heterogeneous mediums. In the resulting solution, dispersion effects in the structure are
taken into account, as effective parameters depend on the frequency of the field.
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